



































































































































COMPLEX MANIFOLDS

lent term

A G Kovalev dpmms.cam.ac.uk

prerequisites differential geometry
basic complex analysis holomorphic functions

Remarks Riemann surfaces are usefulbutnotessential

Algebraic geometry is related but not really used

Books Huybrechts complexgeometry

Griffiths Harris principles of algebraic geometry caoandCHI

There will be printed notes to come later but are nota replacement for lecturenotes

4 example sheets s classes first to come out on 22ndof Jan






































































































































1 Introduction

Recall smooth real n dimensional manifold M Hausdorff and second countable covered bycharts homeomorphisms

4 Ua Va where un cm is open and connected VaCir with M YeaUa Ypo la is smooth co on
its domain CIR

Basic idea replace IR with an and co with holomorphic also knownas complex analytic to obtain a

holomorphic structure

We will need some basics of several complex variables

Recall first about one complex variable let Uce be open suppose f u e is smooth in the IR sense

We say f is holomorphic iff

it is complex analytic represented by some convergent power series fit Éone al valid for Iz alee cut
it is complex differentiable IR smooth t Cauchy Riemann equations hold
if tentiy I E iz I Entity
Cauchy Riemann 3 o on U

A general smooth fiz Fco Colet SEco I to E a o

the differential af af If It dz tf at as o at antidy di da idy

twzi.it dw Iw tier cuCauchy Integral formula f z i f

Now let u can be open and f use be c differentiable inthe realsense Then f is called holomorphic
if g z flat t i z ziti tn fix all but is holomorphic in t t jet n

i e 3 0 on a j l in where É É ti Ey z n tis

A shorthand for this will be Jf o

NB it is often convenient to set a as a polyaise g x of
standard di

z e en I z aj tar t

ajee rj o

Cauchy Integral Formula if f cyan I is holomorphic then

f z zijn w ai ownen
dw i d

t tea w wi wa
logging

I

ivB We're integrating over submanifold 211 when n t

Proof gist can do repeated integration in each w j t on and treat with wn as parameters






































































































































in ing
Power series holomorphicity a flat at gain a ti ai an an i in

If f fi fm U E en em then f is holomorphic iff each f is too It is called biholomorphic if
open

it is bijective and f and f are both holomorphic

Complex Jacobian of a holomorphic function f fi fm then

J f z 3 t
x 1 im
1 1 in

defines a d linear map an am If Jala is surjective thenwesay z is a regular pointof f
If we em then if ft e f w is regular then we call w a regular value

suppose men I and write f utiv f is nolo Then Tulf 3,41 35g É o
o

thoughtofas
ie taper FI t p acomplexmatrix

we can extend this to dimensions min it

For a general function Jiri f regarded as a complexmatrix is similar to o Ff forany now f

When men are equal we get a square matrix and

det Tplf det Tcf det JTF
Idet Joel so

In particular so when Jef is nonsingular

Holo Inverse function Theorem if U r een open and f u v holomorphic with a e u a regular point
then I nbhood hoof z sit f maps no binolomorphically onto it's image

Den a complex nfold M is a hausdorff second countable topological space with complex coord charts
homeomorphisms Yi hi Em 4 ai E e where both Ui and its image are openand connected sets
such that vi j Yi 04 are holomorphic on eicuinuj and M Yui

If peni Yi p ai tn are complex local coordinates

Remark we can think of M as a real rn dimensional manifold with a choice of holomorphic atlas
Yiwill often referred to as the underlying realsmooth manifold

Dfn let M N be two complex manifolds with complex atlases Hi hill and Ya Va If F M n is a
continuous map we say F is holomorphic if tied 4207045 is holomorphic as a complex function

on it's domain YiChin e Va E d checkthisis domain

Manifolds M and N are binolomorphic isomorphic if I a biholomorphic map F m N

in fact it suffices that if F is a holomorphic bijection then F is automatically holomorphic
seecomplexvariable
notestoaimlease






































































































































Proposition Let M be a compact complexmanifold Then a holomorphic function f M e is constant

proof consider If M IR This is continuous since f is now since M is compact M attains a maximum

say at pem consider a chart 4 U Δ en around p wlog map tosome polydise Note foe satisfies
the max modulus principle on u Hence Yof constant by ex sheet 1 Q1 so bybijectivity of a f is constant onu
M is coveredby finitelymany charts as compact so repeat above foreachchart so f is constant on M

Examples of complexmanifolds

0 Trivially any open subset of an
1 1 dim complex manifold is a Riemann surface

classification is known asthe uniformilisation theorem

Riemannsphere Gipe s
ellipticcurves 6 1 i s where A a71 2272 are IR

and Alt Δ 1714 ca and TsubgroupofMobius transformations of A properlydiscontinuously

More generally the quotient construction of complex manifolds sheet 1 Q2

2 Elph or1pm complex projective spaces

1 dim subspaces in an it entitsos eph
Notation points in elph are written to an ato atn aeelgos
with quotient topology Hausdorff second countable compact

coord charts hi to ian I tito for i o in
4 to an Ean

and joi 6 04 I I check

This is a veryimportant manifold
1 compact complex manifolds never embed holo in on butsome can embedin CIP
These are called projective manifolds

proof of 1 if M is a compact complex manifold with 2 M on a holomorphic embedding Then k 1 in
write Tk en G z tie the coord projection which is now So Ikor M e is holomorphic on

a compact complexmanifold Then trot is constant K Hence 21Mt is one point E

Easyexample making 52 into a complex 1 dim manifold CIP Note 52 n y 22 11CIR Define

f n.y.tl E S 7T 1 it

1 EY if
CIP

Check f S EIP is a diffeomorphism

The induced charts on s are stereographic projections for 0,0 11






































































































































3 Complex Tori where A 712 lattice a discrete subgroup of

Endow with quotient topology Hausdorff second countable andcompact
charts localinverses of the quotient map

IT I Een A

D on a sufficiently smallopenball sit

If n ai constantany transition function ejoy z ai z

4 Hopf surface H 621 1001
12 z

is a complex manifold according to Example sheet 1
question2

As a real 4manifold it is diffeomorphic to 53 5 one can show later that H is not projective
We can also generalize this to higher dimensions We can define Hh for each new as in the

example sheet H is biholomorphic to an elliptic curve 1 dim complextorus

5 Complex Grassmannians start with V an n dimensional complex vectorspace Then

Grk V kdim complex linear subspaces WEV Ken

eg K 1 then V Ent then Grk v GP

Howis this a valid manifold W can be given bysome Kxn complex matrix with ranka k choiceofbasis

we may diagonalise a nonsingular kxk part toobtain kin k free parameters

Remark Grk v is compact Ken k dimensional complex manifold Moreover it is also projective
Q6 sheet 1

Proof of compactness akin linearly independent k tuples in an c e is open Define projection map

it Gri en

whichinduces the quotient topology on Grk an making it continuous Denote u to mean the

ortygnnyyg.lk
tuples wrt Hermitian innerproduct Then Ekin u Can is closed and bounded Hence

u is compact Since Grk en is the image of a compact set undera continuousmap it is
also continuous

6 Complex lie groups G 9in E GXG 9h E G holomorphic

E g.GL n G open in math e an
soon e also a lie group Proof is similar to real analogue
N.B soon e not compact but soon IR compact

Non eg Ucn is not a complexmanifold






































































































































2 Tangent spaces and Holomorphic tangent bundles

Let M be a complex andim manifold Then M is a real 2n dim manifold For pen let z nitty be

local complex cooras around P The ni y are our real coords

The real tangentspace Tpm span Ej j t on

1Then set Jp E GLR TPM C End TPM by E E y
Ey Ey

I e Jp I
identity

consider the complexified tangent space Tpmye span Ej Ej j in

We can think of Jp as an endomorphism E End Tomoe by it's complex linear extension still have
that Jp I Every eigenvalue of Jp must square to 1 so possible evalues are ti

Define complex subspaces T o m ve TpmQe Tpr iv

I M i ve t mane

morphic tangent space

antiholomorphic tangent space

we have a complex conjugation on Tomoe induced by exo a r e 05 ve e Tpm and red
and extending linearly over reals It's not complex linearbut is real linear and invertible The map interchanges
Tption Tpo m Tp m Tp m since Jp has real coefficients

Proposition i dime Tp m dimeTp M n dimm n

ii Jp and hence is defined independent of choice of coordinates Moreover Jp Pem
defines a smooth section of End TM call Jeenactml JCP Jp rightnowjustthinkof as

proof i consider a change of basis 27 1 It e.g É É if E E if
directcalculation Tp m v iJu I veTpm Tp m u tis u I v eTpm

Thus as a real vest face fit isomorphicto iiiommedantaipint s loosely speaking as real
v s dim Tpm an and dimftp.iom dimplipo m 2h so dime Tpom dimeCtp m n

ii Recall that real tangent vectors are equivalent to derivations XiZi f for tecocm acting on

C M IRI So complex tangent vectors are respectively derivations actingon Colm a by looking at
the real and imaginary parts Thus

To derivations vanishing precisely on holomorphic functions on M

Tho derivations vanishing precisely on antiholomorphic functions on M

the i eigenspaces are invariantly defined because theabove two statements are invariant of local coords
Taking their direct sum gives T 00 To TM ad Thus T is invariantly defined on all Tmone
smoothness in p comes from the local coord expression






































































































































Lemma on overlaps of complex coord nhoods with coords ai wi we have

Ek I É E and Eric I 3 37

Recall that for a holo f as an am the Jacobian Jirlf wit In is similar via

Ez E E if to If
combining with the lemma

Prop every real manifold underlying a complex manifold is oriented
5.59

proof Indeed det Jie f 70 holds ft fowl onthe overlap of cooranhoods

Define pym Tp m T M the holomorphic tangent bundle of M

Rem this is a complex subbundle of imac

sections of this bundle T M act also as derivations on CTM Al

Den a section se te t m is a holomorphic vector field if Vf E C M E holomorphic

Sf is also holomorphic

can also define Yen Tp M TO M to be the antinolo tangent bundle

Note f U Cmte is holomorphic if Sf to t se tcto.im

Recall JE TCEndTM from prop ii J is well defined

Remark we have a standard representation of Glen a on IR i e an injective homomorphism

Glen E Gilan IR Each complex entry at b becomes a zxzreal matrix E bat
Then 0 Glen all subgroupof Alcan IR commuting with

0981
Jo I 0 9

so tf we have that a change of complex cooras gives that Cauchy Riemann for f Tir fled allheal

Then a holomorphic atlasof M via J induces a reduction of the structure group of the v b TM from
Gleaner to Glen a hence making Tm into a complex v b ranke n This happens to be
isomorphic to the holomorphic tangentbundle via ve th Cr itu e T m

locally this is inducedby a feat body n 2 at in Ez

Using J in placeof s we get an isomorphism of v b TM To M






































































































































Recall if f m N is smooth between real manifolds then

def p Tpm Tap N linear

we can construct a complex extension of this by

af TPM a Trip GE complex linear

Prop For a smooth map between complexmanifolds f M n then the following are equivalent
Ii f is holomorphic

Iiit af o Jm In odf
iiit af T m e T on
Liv af to m c To N

proof all statements are local wog wemay consider f gene an am use real basis I EnEn
on an Iran and fu Evie Jum Jum for em trim

it f is holomorphic a Cauchy Riemann cans on u hold

needtogooverprat F af expressed as Jiri f p consisting ofblocksof the form bba a beIR

allentriesareo
Now T is spanned over a by Ek except fight Tpr iv n dimensional

Then Jaff e
al ibe
be iae le which is again avector of type 1,0 iii

If f is nolo then the Cauchy Riemann equations hold We saw in the previous section that the complex
Jacobian TCH is then similar to Tirlfl But this complex Jacobian is exactly dflp I mean the complex
Jacobian isprecisely the expression of dflp as a matrix when considering dflpacting on the tangentspace
T or t or t whicheveryou like which is of course a vector space Remember from direct calculation

that T r isr Ivetpm which is n dimensional The relation for vectorsin T s is equivalently
Tpv iv The ex given above are clearly linearly independent satisfy this rule andthere are notthemso
obviously they form a basis The last line is straightforward

iii iv df is invariant under complex conjugation and conj maps T M To m T N T N
real

iii and iv ii af preserves the Chol and coil subspaces But Jm In acts on these by Ii id

af3mIt om df it m idf t m e it on
JndelT on Jw af Thon e Jn along iii on I same

similarly for coil

ii i each axe block Bee
caneel Carrie
Canice cane of Idf p commute with Yd byassuming i

Bae I abl for some a beIR
Cauchy Riemann hold
i






































































































































3 Complexified Cotangent space

Tp'm a d maps Tpm a 0
ftp.om

ve mane ar int
Tp m vetemae preins

the dual of J acts doe e dy

dy no ax tj t in

We have der dak t idyk
dik axe iag

note at i s's and similarly for at

Then dak generates the ti eigenspace and der the i eigenspace missing a line here

TYm 9 E Tp'mGe T 4 16

TIM e eTp'm a sty ie

Rem Er spans T M and since the holo cotangent spaceisthe dual of the nolo tangentspace

we immediately geta basis for K om deal by the above observation The idea of spanning
the i and c it eigenspaces follows from this dualisation

Recall subbundles Ttm TTM on a complex manifold M inducedby

we can define

A TMOGI pg A TtmQQ

where A 9 Ttm a A Ttm nAaTtm

This is just the standard complexified wedge product

Under complex conjugation we have that n't na ta p

The sections are a m complex differential forms oftype peg In local coordinates

IF AI's Eidip EgjdIjq
The induced action of J is Je i 94 for a er we're just dropping the dual J notationforJ

Notice that Jdzi idz and JAI ide i di since fili i i i

Note that rep m are m
rea arm

A m real p.pl forms i.e invariantunder complex conjugation

Km 11 T MOd where n dim M A TM is called the canonical line bundle




































































































































Recall on a real manifold we have anexterior derivative

d rocml n m n m no M

So write d 2 2 where 2 H Ood 5 it od where it s m n m projection

along other components of t

Locally for a complex function f af I 2 dak If EIE dik

Generally for a e r m pure type only nontrivial component inone type then define

2x it Goala

Ja ite.at a a

for a e r m 52 0 iff locally a I felt dti n ndzip with all f holomorphic such a
form a is then called a holomorphic p form Holomorphic 1 forms are sometimes called holomorphic differentials

Lemma on a complex manifold M
lil th e r m da an In the above d is defined onroom we'reextending to higher degrees
ii 22 0 52 and 25 52
iii 515 41 55 nn t c n't's n In s e re9cm similarly for 2

proof the statements are local
i easy tocheck in local cooras a fate nats 12ft If dat n at and extend by linearity
Note both sides defined are independent of choice of coords

ii clear from i and d o af dat n da t If dat ndti

o d of ate hats If dz nats
a'tdze not Iaf atehats asf arenas a'fat naz

Then the ideais to compare the terms dzendts and notice that theones that have 2 and 5
me n

asf da adz have the same monomials this takes a little bit of a check with antisymmetry ofwedge
andso for 1 1 to vanish we need 25 52

iii wog let yer a m be puretype Take pep ti ate and Ptp Eta'd components of
a Enn Then extend complex linearly to any n

take 3mn andthen apply d

id gnn d En f dzendes
dgn faze hat c 1 ta's naffdtendt standardresult



corollary dir acm n m rp.at m from il
Also iii and i continue to hold without the pure type assumption by complex linearity

It is sometimes convenient to equivalently replace 2,5 by d and d

a yes and d

age god 212

Both act on real differential forms so a dtidal and 5 tea id Also as o and

Recall pull backof differential forms by a smoothmap f M n is ft n n n m by
fta X Ca f x t vector fields x

If f is holomorphic and a er m resp ro ml i e Ja ial then

Ifta x to TX x is complexlinear
a df TX dfo soaf from our previous lemma
x Tdf X
Ta f x

Cia CdfX
Ifta X VX

Thus fta er m and similar for ro m Further since f sun ft s n f n naturality

Proposition the pullback by a holo map preserves the type decomposition

Further ft od dof t smooth f if f is holomorphic then there m

J of n ftp.atodof n ftp.attoftodn ft t.at ody ft In
fistholo from proposition preserves type

we obtain the following proposition

proposition soft ft of and similarly soft fto 2 whenever f is holomorphic

Definition Dolbeault cohomology H m kerf in acm re at m
Im5 re em n a m

olio non

Corollary if f Msn is holomorphic then ft HP N HPElm is a well defined complex linear map
Moreover if f is biholomorphic then ft HP N I H m is an isomorphism

Remarks not true in general that ptair H m Harr m
HPE m are not topological invariants



notation for s e inn or an and f in f e coastmeans I open u's smooth co Fiu in
such that f Fls

5 Poincare lemma in one variable

let D tea it a ler g e c is where 5 isthe closed disc Then we can definea smoothfunction

To prove this we need a lemma knownas the extended Cauchy Integral formula

If ee c It alert and tea sit iz ater then

n

I j 4,4444 4
Fh hi tt dwtzttif.a IlwldwIdI

Rem if we assume F is nolo then É O and second term vanishes get original Cauchy Integralformula

Then an It If Éw calculate thenthat

SD d4 I a h n stokes wi boundary

a
p p age

De D as Eto

poleorder i is integrable II dig It 241 jpg f É arndo Hs makessense

ring Thichisintegrable

dwn da aid nay zirarndo

m

we ntiy Ir o polarfrom ay
can take e o in

Sp ti É 1 anti aw Fiz

in al
Itt du It f Etd I

F z f as required
Iwater



proof of 1 dim Poincare

Let to ED and choose Do 12 zola re C D to CD

9171 g z galt bothsmooth sit gilgitto Io and 92 iz else

for a
near to

let f z at s wtf dwnda The function we're integrating is smoothand bounded sointegral
is well defined not an improper integral

Then
3 z f f II awndue function is smooth and bounded andon a bounded domain

untationvanishes

o

sojust need to consider g for the proposed definition off

g has compact support so

f t f Eff dwnda f Eff dwndi extend byo

É f Matt dandi u w z

f f afford ar ndo

well defined and smooth in t

Consider then

3 Jeff a treioleiodrnao f w qw9
backto w
variable

From Lemma

91171 Eti tt tt i I.a IIdwIEt
g vanishes on this contour

so in sum we have

3 to g to g to and 3 to 3 to as É o near to



General dimensional 5 Poincare lemma

let D It actor t Itm am arm E am a polydisc with possibly some re o

Then H D 0 for a it

proof let Her D be closed 54 0 without lossof generality p o as we canalways write
4 n adz
cog no

And 24 22aday which vanishes a 54 0 so if we can proveit

for p o it extends immediately to allp

So let yer D

Claim J y er Do sit 54 6 on Do where Do is a smaller polydisc with radii encore K l in

Proceed by integrating den then din i

Suppose that only de dik occur in 4 Then we can write 4 denny tea forsome unique
41,4 that do not contain den Since 4 is 2 closed for 4 2,4 951 I e i ok we have

241
IIe

o te k

set ne
w

41 we Ide
wie za Then

IFI 4 by Cauchy Integral formula

But É o f a kl as 29
Je so

4 2 ER de 42 with no den occurring

Repeating in each variable we obtain Y

NB we needed to reduce D to Do To now solve the 5 equation on all of D take en Iris as n a

t k t m Then Tyner b sit JYn 4 on Dn polydisc with Ei n Dn D

Claim Yn will converge as no

pf Induct on q assume true for o ca itform 4 where a 2 Then ta suchthat

52 4 on Dnt 2 a 4n o on Dn by inductive assumption

Jp ero D such that Jp Yn d on Dn t set Wnt a Ip Then I Wnt 52 4 on Dna
and Untilon YnIon i so this sequence Yn is convergent to a well defined 4 as no and
Ju 4 on D



I
O

tregains
to show 2 Poincare for 10,1 forms 19 1 I e given the ero D with 56 0

any t open polydisc Dowith Doc D 7 Yo E C D with 540 4 on Do Then in fact IWoE CTD

As before take same sequence Dn of polydiscs I Un E cold s t Jun 4 onDn and I ne Coco
such that 52 4 on Dnt Then un a is a holomorphic function on Dn since it satisfies the CRequations
Thus it is representedby a power seriesonDn converging uniformlyon In on any compact subset Hence I

partial sum a hocopolynomial p such that

SI 1 Un a pl c En

set Unt at B June I atp 52 6 on Dnt
photo

Moreover Unt Yn is now on on with
s I Unti int e In so we obtain a sequence Unn in

C D with uniform convergence un y no on compact subsetsofD Therefore

list e Un is holomorphic on on

for all fixed n

uniform limit of nolo functions and 54 4 on D because its true rn

What aboutthe remaining groups

Rem H Cen space of all holomorphic p forms is infinite dim

4010M I 6 for any compact complexmanifold m since this is the space of holomorphic functions on M and any
holomorphic function on a compact manifold is constant

shall later see dimly m o for compact M if Kahler

Almost Complex Manifolds

Definition a smooth real manifold M is called an almost complex manifold if I JetcendTM with52 1
such a J is called an almost complex structure on M

Lemma from linearalgebra Let Je EndRm 52 1 Then o Je Grim.IR and 1 mean and
3 A E GLCm.ir ATA J I GIC n d

Take s E Glc in IRL to Stos JEEnd Rn 32 13

where To block diagmatrix with blocks Y

sketch proofof lemma

t u to v and Jr are linearly independent can get a basis from them ofthe form
enJener tea en ten an evennumber Then I to in this basis



Corollary an almost complex structure isequivalent to a Glen e structure on M Thus every almost complex
manifold is evendimensional and has a canonical orientation

mean
implicitly

We can extend en ten en Jen to a local frame field around pen Let e t set en sent the
dual coframe field Then e Je a et a n sentnent

Eg if M is a ex manifold with local cooras ai then e Inn at ndE n natnnden

or in real da nay n naxnnayn

recall I ax dy
Tidy dx
7

Remark C s is another almost complex structure giving the same orientation if his even
Opp orientation if his even

dimirMean

Definition The torsion of an almost complex structure J is a tensor N E T Hom a Tm Tm

N X Y 21 Tx Ty ex Tex TY JCTXY E M X.VEHim
acts on real
vector fields

If N O then I is called torsion free or integrable

tact Ny is calm linear I is an algebraic map direct calculation using Efxy fexit Yf x

so coefficients of N depend on T t
Egerivative

0510212022

Remark N is antisymmetric N x y N YX and ncfx.tl fNlx 4ltfecocml

in local coordinates NJ ai 2 EN's2k where 2i Fi lui real local coordinates

Newlander Nirenberg Theorem
An almostcomplex structure J on M arises from an atlas of local complex coords iff N 0 J istorsion free

Remarks on theproof

is easy let to xatiya be local complex coordinates Then consider Ia Ia J Ia and Iya
have constant coefficients and in particular their lie bracket C i vanishes Hence Nj o as required

is difficult can be read in Kobayashiandnomizu but quite involved for smooth real analytic manifolds

Analmost complex structure J suffices for defining T M T M and n T'm Hence 2,2 on r
also make sense onany almost complex manifold



However there is a difference between almost complex manifolds and complex manifold

Proposition if M is an almost complex manifold then

die'acml e r
at m tomeatem torett.acmy retz.aem

proof obviously an c n to ezio
de c n t pro

t

an arbitrary p.at form can be written as if E n neptia where each e e r or ro we can
apply the product rule and t

Theorem For m an almost complex manifold the following are equivalent
a Z W E 51T 01m11 Then Z W E TI T 0cm
b Z W E Tc m Then Z W E Tct m

c a n m c n m to re m

der m c n m to n't m
a der m c ret a m reset m
e N 0 J is integrable

proof

a b apply complex conjugation since lie bracket is a real operator it commuteswith complex conjugation
That is CIW E W and zero e E et

a or b c let w be any I form Then

Hdw Z W Zw W Walz wi Cz W

If we n m and 7 w e t then w 71 wcw w Zil 0 Hence Ras of t vanishes
Hence dw o on to which says precisely that w has no no components so lol holds
similarly for the other case can alsouse complex conjugation

c cat use t suppose Z W e T and we ro Then by assumption dw is spanned by
0,2 and lil forms no 2 o form component so cats of t I 0 on t o we also know
WCW Wiz o w Z W o But then cz.ws cannot have any 70 component so cz.ws ET
Similarly e b

c d same calculation as in proposition i.e product rule

die n nepta I e n nc1 denn nepta come back to this

suffices to work locally

d c cc is a special case of d trivial



at e a general no vector field is X iJX for some real vector field x Define
Z X isX Y itY By linearity expand Z CtxTy x II i Tex y i Tx Y

Applying toboth sides and multiplying by i direct calculation show 217 titz N xx i TN ixY

now cus so iff tis oftype not and Ras o a real and imaginary parts are botho since x and y are
real vector fields Hence Rats o iff N zo

can then read off a e completing the proof

Remarks
existence of J is a topological question about the endomorphism bundle This question is largely understood

integrability of J nonlinear eDE more difficult question
easy special case real surfaces aim M z Bydimensionreasons no co.at forms T is always integrable
using statement all

Submanifolds and subvarieties

recall tax is a embedded co submanifold of a manifold x means the inclusion c x is smooth
with Carly TyY Tyx injective v yet and c is a homeo onto its image

Then and only then locally y around yet is the inverse image level set of a regular value

Definition let x be a complex n manifold Yax a smooth submanifold of even dimension dimmy 2k
Then we say y is a k dim complex submanifold iff t yey

I complex coordinate chart ay byex eh yehey suchthat lyluyny ay ay na where

ok can teen za za zn o

Remarks
Thus Y is a complex k dimensional manifold with hoco atlas Uyny 4 1 gey

coding tix dimex dime't n k

is equivalent to KyEY I hoto F Wy Cx e such that ricefit n k on Wy and
greed

coorascail

F o YnWy Inverse mapping them in complex variable

p
inclusion mapcommutes withactionof J

Then c Yes x is a holomorphic map Étuivalently TyYCTyx is a complex vector subspace

so a Tyoy C T's x by previous theorem e f se ites

Recall if X dip and y compact then Y is a projective manifold

g

Definition Y ex is called an analytic subvariety if y ex is a closed subset and V pet I nbhood upCx



p is a smooth point of y if I such f with rank scalp m i.e dflp is surjective otherwise p is called a

singularpoint

Define singular locus Ys all thesingular points in 13 If 45 0 then we say y is smooth nonsingular

Byimplicit function theorem every connected component of y s is a complex manifold

Y is said tobe irreducible if y I 4,042 for two proper subvarieties Y t Y We can show sheetz

y irreducible y is connected suppose y is irreducible Then codimY x codim Tx

fact Ys is itselfa subvariety and codimyslx codim x we can check weaker statements
y 0 and is dense openin Y
Ys is contained in a subvariety of X This subvariety does not containy

If codime lx l then we will call Y a hypersurface



2 Holomorphic Geometry

2 1 Holomorphic Vectorbundles

let X be a complex manifold

Definition a holomorphic vectorbundle of complex rank isover a base X is a complex manifold E thetotalspace

with a holomorphic submersion it E x Cait is surjective onto x such that vicex the fibre it x is a
k dimensional complex vector space and byex I nbhood U ofy and a biholomorphic ou called a holomorphic

local trivialisation sit the following diagram commutes

it u uxak

I

we also ask that Outen a in ex Gk is a complex linear isomorphism for an neu

If Ua up are overlapping trivialising nbhoods Oa Or holomorphic local trivialisations then

Opoda ca u n Ypa ulu

for some yap uanup Geck al holomorphic It also makes sense to speakof holomorphic local global
sections of E s u x E holomorphic and sit nos ida

properties a
exteriorpower

Sheetz if E and E are two holomorphic vb then EtoE EQE A E End e are all complex vbs
EGet

dete arisee
E

Remark Ua Ypa a BEA determines the nolo v b E up to isomorphism i e two holo v b

E and É are isomorphic iff I binolo tie E such that

E É É
Te HE

is a commutative diagram and Flea is a e linear isomorphism

Fix notation x complex manifold E holo vb over x

The pullback of E via holomorphic map f X X is a vector bundle fte over y so that I F holomorphic

map with commutative diagram

ft E E

Y I x



The map F is givenin eachhoco trivialisation over ucx say by

biv e f a x feb v eux e

The transition functions of ftE are Ypaof for all transition functions Ypaof E These are how

since Ypa f are now they satisfy the coyote conditions Thus fte is a well defined how vb

Examples

ox Ttx n Ttx Kx are hoto vb transition functions are compositions of complex
Jacobian for local coords with how functions in fact algebraic

2 Y C X complex submanifold then inclusion lynx is holo and it E Y is a hot vector bundle the
restriction Ely

shall mostly consider holomorphic line bundles Cranko 11

Proposition Definition holomorphic line bundles over X form an abelian group The operation is a and the

group is called the Piccard group denoted Pic x

proof het L be anolo line bundle with transition functions fpa and I with Ipa Then Lai has
the transition functions fpafix pointwise multi commutativity since they map acct a at The
inverse of L is it noting z ex f trans funct then flat v w is a complex linear map
consider the dual map fie w ut given by flat wit the dual bases If V and W have same
dimension then this is a complex isomorphism Take fiz wt Rank feat I feel fast
so for complex line bundles flat flat Then transition functions of 1 are exactly

fpa Identical element in X x 0 the trivial product b

Corollary if f Y x holo then ft pic x Piety is a group homomorphism

Example the tautological line bundle Of 1 over Eph start with

Ito tn eanti laos Is to an earn

We want to exhibit Ent1905 as a line bundle E Gc l minus the zerosection It suffices for

working out the transition function start with standard coord patches

ha za to Caph a o n

Define then

a Ceo tn w E w I w Eat assume w o

and
Op so En ftp Ep Er Sr w

transition
function

so Xp 00 I w I Upali w with Ypa E If defined on uanup
Thus OC 1 is well defined



Define 011 Of 1 the hyperplane bundle can further define

Oln O 1Egg011 Och1 0611

Also Of n Of nti 001 l and Uco trivial product

Thus a piccarp is a homomorphism In fact PicCaph I 7L

Divisors

Need to borrow some facts from commutative algebra

Local Rings
consider pex and define Oxp howfunctions f defined on some open region ut sp the local ring at p
We identify f and I if flufnup I upnut A function f e Oxp is called an element f is an
invertible element at p a feel to f is an irreducible element at p e if f ur then u or

u is invertible or both f divides g if f ng for some element we Oxp Finally f and g
are coprime e tu dividing both f and g u is invertible

weak nullstellensatz let f be an irreducible element at o e en and let h be an element vanishing
on f o n adomain ofh Then f divides h

Let f Dcan e fit OED and hlf yo so hoto Then f divides h in Oeno Thatis
he af where a e Genio we'll write ft h in Genio for f divides u

Basic example net then we have an isolated ten foot o Irreducibility zero is simple corder11 Assume
hio o Then write feel af.cat filo o Then heal zah.cz hilo to and dot Therefore we can

write hea zd.intI feel

we shall alsoneed

Theorem a FDl Geno is a unique factorization domain I e tf 0 we have f f fm moi where

each f is irreducible and unique up to an invertible element

Proposition Let t.ge Geno If f andg are coprime at o then I e o such that f andg are coprime in
Oenz whenever 121 Ce

These are useful for studying hypersurface Yax and linebundles

Recall if p e y smooth locus then I holomorphic f Up Cx a such that Y n up f o
opennnoodor

and dflp to

Then I local complex coordinates z tn around p s t flat 7 Iextend and use inverse function thm
V how g up a st glynup to then g fu i.e fig
consider power series at p

g is a power series in a tn But the function vanishes whenever z o so any terms in power
series will have a t factor This can be shown by inducting on dimension



Thus we have an irreducible element feox.ps.tt g vanishing on y near p we have fig Such an f
is unique up to an invertible element t

Definition a subvariety Y ex is locally irreducible at pet if I small polydisc around p sit you is irreducible

Suppose p e 11s and Y is irreducible at P I Y is a hypersurface

claim J upex open and f up a hot such that ynup f o
yawangaane

aboutth

suppose the claim is false we know Ynup e a fi i fi up a non Then we can assume

fi fi are irreducible at p so they are coprime at p coprime at any q near p by prop in particular at some aeyt
since y is dense and open in Y since q is smooth f fo u and fo fou in Ox a for some
fo E Oxa irreducible by statement t This is a contradiction since then f and fr are not coprime at a

If Y is not irreducible then apply claim to each component and multiply out each of the functions

we obtain the following

Definition proposition Let yex be a hypersurface and pet Then I f e Oxp such that flynup 0 and
this f is unique up to invertible factors for any other such g fig we call f a local defining function
for Y at p

For p44 formally set f to be any invertible element at p

Lemma a hypersurface y is irreducible at p a local defining function at p is irreducible in Oxp

proof I suppose f is irreducible and for contradiction's sake y is notirred atp If y nap y oy nontrivial then
I local defining functions f for Yj at p By nullstellensatz f vanishes on ynup musthave fl fifa
But f is irreducible so fl f or fifa by UFD suppose f f Then Y 24 or 4224 which contradicts

the fact that Y t Ynup I

I if f is a local def function for Y and f fifa fi ta coprime then ynup f so u fi o y ny
where Y t ynup

In general using local defining functions andUFD we obtain Upex I open nhood upCx sit Ynup Yp o 4p.m

with each Yp irreducible

If X is compact can pass to a finite cover of x by up's and can patch these xp s and obtain a
global decomposition

y y o oy H
where ach y is a globally irreducible analytic hypersurface

Definition A divisor on a complex manifoldx is a locally finite formal sum
on

ai i
t

where each Yi is an irreducible hypersurface in x and ai ell
locally finite means t pex I open nhood up such that D meets up in only finitely many Yi's



The set of divisors Divx forms a group under addition

Let X be compact Then I finite open cover by up's say Ua and forany a a well defined holomorphic
local defining functions fila Ua e for Y recall all Then we can assign to any divisor DE Divx
the data ha fall where fo It fo Ua a called the locally defining function for D atpella

we define D EDivex tobe effective when ai o ti Then fa is holomorphic on Ua

Definition f is called a meromorphic function on X if locally f is a quotient of two holomorphic functions

If X Y Ui ui open then I coprime holo gi hi hi e with hi 0 such that flu Ei
and gin 9 hi on any intersection uinuj

Basic example of a meromorphic function in dime it

x oh girl ta
n z

at p then gig is undefined on ta tr o a coding a subspace

unlike dime i case where meromorphic functions only have poles so a howmaps to dip I even

Let y ex be an irreducible analytic hypersurface pet and f a local defining function at p If g is a holo
function around p g 0 g g ge irreducible factors I byUtd then define

Definition ordyp g max aek g fah for some h nolo at p
i e fats in Genip

This conceptis independent off since f is unique up to invertible factors and so is g

Recall yt y yet
singularcom

is connected open and dense in Y

Claim ordy p g is locally constant for pey and thus independent of p ey Hence ordy p g is well defined
independent of p and so we candrop p from the notation and write ordyg

coordinates

proof wing p o e an Ew x Ez and assume x is a polydisc around o and y w o Then

ordyo g a a g wit wahlw.tl wth in Gen
he who t hi where ho n are now near o and 3tw 0 and h o.o to representedby nontrivial powerseries

hlo.tl to for small 121 Re expand h at co2 still nontriv powerseries

Hence wth at coz if lat is small

It is easy to seethat ordygu ordy g tardy h by Utd and noting f isirreducible

If F 0 is meromorphic then locally F 9 h nolo

Definition ord.lt ordycgl ordylh

if a ordyt o then called a zeroorderd along Y
if d ordyt.co then called a pole order cd alongY



The divisor of a meromorphic function F o on x is

1 1F
giggg ordy F Y

whichis welldefined by a t D Any such divisor is calleda principal divisor

Remarks

D D linearly equivalent iff D D F for some meromorphic t
The sum is finite when X is compact

F s o effective iff F is holomorphic

FG F a E F a assume g O

N B it dimex 1 x compact i e a Riemann surface then Divx nipi nien Pi ex
When dimex 1 there need notbe any divisors on x in general But divisors always exist
when X is projective

suppose F Z x is a nolomap of manifolds Assume Z andX are compact and connected Let be Divx
D FaiYi assume f z Yi fi with a o Then F D E Div z is well defined

Recall X Y un ti ta Fai Ui d where fai is a local defining function for Yi
The data of D a ua fall fo Ilfailai for D is meromorphic

cartier divisor

Then F'D corresponds to IF Ua foot

NB when D Y is an irreducible hypersurface in x the F'D need not be irreducible and may have multiplicities

Given D Cua fall define Ypa II uan ur E quotient is aninvertible factor and so Ypa is nolo and
moreover nonzero on uanup
Clearly tan uprara I 1 on uanup nus an instance of the cocycle condition

determines a holomorphic line bundle over x denotedby EDI Epical called an associated line bundle to D
DeDivx

Remark ID is welldefined ambiguity to hafa forsome invertible h nolo never zero so

Epa Ypa if 5 D L CD since l has a never zero how section L is trivial

Indeed we define h x l noloneverzero hlua ha ua a ha Upaha up a

If D f then fo flux IT II Ypa I thus D is holomorphically trivial

If D is holomorphically trivial then CD has a neverzero nolo sections Then over Ua s is represented by
sa Ua 01905 with sp Upasa on uanup so If Yap Ep by denof ED

consider thenthat I ftp which patchtogether togivea well defined global men function f on allofX and
hence D Cf

I e D is a principal divisor iff it's associated line bundle D is trivial Also CD 153 in pic x iff D B
linearly equivalent difference is a principal divisor



Consider Dts has local defining functions fa Fa É f t Hence to 53 CDT CB
we have thus proved

Proposition D E Div x D epic x is a group homomorphism The kernel is the principal divisors It

if F t X is a nolo map of manifolds and F D E Div z is well defined then F ED F'D

by considering pullbacks of the local defining functions and how they give rise to transition functions

Recall a section of nolo line bundle L x is how if it is expressed by nolo functions in each nolo local
trivialisation

We can similarly define meromorphic sections of L i.e loc expressed as a meromorphic function in each

holo local trivialisation

Basic properties

if so o and s are two meromorphic sections of L s f so for some men function f
conversely if f is a mero section and f men function on x then es is a men section

Hence by choosing so o obtain a linear isomorphism f fso between

merosections on UoE x men functions on no

let s 0 a mero section sa stun where Ua is a trivialising nbhood for L Then Ep Yap whichis
holo and neverzero function
A irreducible hypersurface y ex then ordy sa ordy se on Uanup Hence globally ordy s is

well defined

Therefore s E DivX is well defined as s fay ord's which generalizes divisors to meromorphicfunctions

s o means s is a holo section

D corresponds to Ea IT fp Upafa by definition of D we can then infer that I a mero
section of ID given by imposing stun ta and so s D seen by reversing above argument In
particular s D in Piccx

Furthermore we obtain t mensections s of L L s Conversely given L x a hot line bundle
1 DEDiv x D L I nonzero men sections of L at
up toholoisomorphism multiplying by nonzero constant givessamedivisor

Theimageofmap in Proposition t DEDivx D e pick is the subgroup of Piccx of line bundles admitting
nontrivial men sections

121 LCD merofunctions on X Dt f so u o is a vector space v s of all holo sections of D

Fact dim LCD so when X is compact

Remark I complex manifold X dimx 21 without divisors but still with holobundles



The First Chern Class

Let L x be any smooth complex line bundle over complex manifold assume x is compact Let da be a
covariant derivative corresponding to a connection Al Recall that da tell TCT x al Rx'll More generally

da rill r 4 Locally dasa dsa t Ausa in a trivialisation over Ua ex with Aa arethe
local differential forms expressing A Axe ritual sa Staal

Thereis a transformation law Ap Aa t Upadying on Uanup for Upa smooth

Recall curvature dada s Flats where Fca e n'x Enoch I r x
crank 1 toEnace is maltby complex

So locally F A lua data CA A o in this case

Then decal to closed is local conditions Curvature is exact locally trueby Poincare lemma butnot
exact globally necessarily due to 41 need not be exact

Any other connection on C is Ata where a c r x So F Ata e a t da Thus FCA e H x a Harklae
is well defined independent of auxiliarychoice of A It depends only on L

We can choose a Hermitian inner product c on the fibres of L suppose a connection A is unitary

de si sa das se si dasa us s eccl

Then in a unitary local trivialisation Aa are skew Hermitian Aa is a scalar rial 1 soAa ispure imaginary
innerproduct locally is
representedbyidentitymatrix

Hence if is a real form so É E H'arX denoted c L defines the 1st Chern class of L

Proposition c cat all c i

in particular C c call v and denotesanal

proof consider sections se ell 5 E flit Then s as is represented over each triv nbhood Ua

for both L andit by sa sa locally Since transitions are also multiplied for the tensor bundle

s 5 e ell it is well defined

Let A A be connections respectively on L T We can definedaan 5051 dstAsta5 t s as As
locally

defining AOEby it's covariant derivative das 5 t sodas

In a trivialisation d sasa Aa Aa sasa

Then da a da a s051 FCA F A sas
locally d Aa Aa Sasa

Thus on Lai we obtain at FCA F Al I e a Lai c c t c it

For the last part note that the trivial linebundle L'al admits a global trivialisation so has a t form
representing A defined on all of X Therefore FCA is exact ar class is trivial combining this with the
previous result we get cCol all



Proposition Chern connection for specialcase of linebundles

suppose l is a holo line bundle with Hermitian innerproduct on fibres Then I connection A one suchtha
i A is unitary
ii in any holo trivialisation of L over say uae x Aa E n ua

Proof wog Ua is also a coordinate nbnd consider a local holosection e Ua a ect El
where z is the coordinates te en The hermitian product halt lect ect ect

we'll drop the a from ha ha Aa for ease of notation Then any section over u is he for a u d

i we require a 1st das s is das

last Axle he t Cae data le Covereach us

hi da t hadi x h at Ata

Also have aisle hadi tha da t 121 dh by product rule for exterior derivative
Hence we must have that A A h is an innerproduct so nonvanishing function

ii requires A 11,0 form and a a coil form

Then for both of these weneed a alogh on u

For any other holo local trivialisation over up say sit Ur nu 0 Juan 0 nolo so
aYap aYap and afar o

Then his YapTaph how hermitian product from linear algebra changes under change ofbasis matrix

But since these are txt matrices line bundle the order of multiplication doesnt matter

Thus Ap 2109hr alogh a UpiUstt
UpiUfa

A t 4radvisa which is IN from last lecture

Corollary 1 The curvature of the Chern connection

FCA 52loglet Eddloglet
where e is any local holo section of L without zeros
note e not global but local RHS local expression but patch together

pf Exercise

Exercise explain why FCA is not in general I exact

Corollary 2 F Al c L E H x

from corollary I



Remark in topology C of complex v b is defined as a class in H xin But Hart X H Xin
and K Cir induces a homomorphism

22102

Convention X compact connected complex nfold

Consider YCX analytic hypersurface y also compact

Then t 4 E r x with d4 o closed then consider the linear functional

e EHa x 1 4 E IR

fromcomplexstructure

independent of representative
by stokesusetheorientationon

By the Poincare duality J hye n'an X sit Syt 4 S myne

i e my P.D543 Cy eHan e x IR image of y eHan x2

Then Y De Divx D aiti finite define his Fairy E Hear X

Proposition no C ED

Corollary C CD is in the image of the natural homomorphism H Xia H x IR H'ar x

proof of proposition to show teen x sit de o we have the following

S Fca ne FaiSy 4 where Zai Yi D and a is a connection onCD
Let A be the Chern connection forsome norm
1 I on the fibres of CDs

Wlog linearity take D Y C one hypersurface wog Y not singular otherwise use smoothlocus

Let X all Ua Fa local defining function for our hypersurface Y on Ua I e Y s where
s is a meromorphic section of ID y and fa sa stun in local trivialisation

Since our divisor iseffective in fact s is a nolo section

put Xcel pex Isip s e e o tubumaimintoci of y in x of size e

Diagram cross section transverse to hypersurface

xce
axles



Then Sx FCA ay I info face dd log1st a 6 x

By Stoke's thin exainecIanthen integrate over boundary
as limo face d 1091512 ne

Look at integrand ist uan xixce Ifat ha fo fi ha gobackin recording

For some ha o the local expression for Hermitian norm on the fibres of CD on Ua

Hence on Uanixixcell d logist it 5 a log fat ha
i I 210gFa alogifa 15 2 loginal to not

notice that rot axles o as Eto Also he is bounded away from o and similarly 8ha
is also bounded on ta Hence

fo fxianu d togha n 4 0

extends to whole of axle

since he is a real differential form we can write

s
axce nu

121095 Y axfanu alogfalny

Therefore taking the limit

axes na
d 1091512 at dig i Im Stdlogfalnyt limo E S

axieinua

Choose local coordinates on Ua such that fact t t ai tn can assume Ua
a coord polydisc in an

can then decompose 4 9 9 9 is all of the summands containing dz orden Then

f I a e tit i Im Iso iz.IE

i zit 4,10 ta i e the residue

Thus patch over Ua's andsumup

13 E f
ace

d logsi at ziti S y

I e S Elaine ziti fye



Examples

1 X S compact connected Riemann surface dimex 1
Then D Zai Pi for points pies D EDives
t Pes is a generator EP of Ho six inducing a group homomorphism

Dios a given by degree map i.e aegis Zai

Then Kees Np DDEP E H 15,72 I 7L generated by hp 43 yer s S 4 1

If L is a complex line bundle over s define degl calc es e z Es e Hals K
fundamental class

so if L ED then deged It Ss Fla degD by proposition

Remark as deg Div D K is clearly surjective I hoto line bundles with mero sections overs
for each value of c as this L I k

Recall for Le Picos s a complex manifold of dime 1 compact Then degli is defined as

degli all Cs ER
called 1stChernnumber in topology

where s fundamentalcycle
E H six

our proposition asserts then that if L D then deg ed It S FCA degD
D epicest Derives

Then deg Divis TL is obviously a surjective homomorphism Hence I holomorphic line bundles with o mero
sections over s with any cast i e any degree

Now let s an Riemann sphere I even
Nonconstant how maps dip dip are precisely therational functions
Every rational function has the same zeros and poles in a u o counting with multiplicities
fineai Pi a EnitebiQi linear equiv in Dirleip Eai Eb

Consider d l o.o I dip the Hopfbundle Of it Then the map t zz i ta
from GIP a 1310,011 induces a men section of ol it Locally s I 1 on u t 05 cap and
so let Ya on U2 72 to Thus I pole at oil and has order 1 Thus divisor is

D 1 1CoD and deg of 1 1 In general degock K

Proposition Let L dip be a holo line bundle and assume c 4 0 Then L is holomorphically trivial

Corollary piccap Ocn next K

proof of proposition

If c cu o L is trivial as a smooth bundle since FCA is exact and a can be represented by a tform
making sense globally over dip thus get a global trivialisation

insmoothsense

Fix a nonvanishing smooth section s of L Then I dip xd choose a Hermitian norm on fibres and let a be the
Chern connection



Then da 2n Ja
no cons

component component

Then s is holo iff Jas 0 We want a global never zero section s of L with Jas o

consider s etdip e f smooth Then Jas Is a s o
A ero copy

If A

consider dip u u uz as before where we think of dip Guess u d and uz 0 0905 coordinate

z on U and 5 Yz on us

I local solution f u e with If A la jet.z by 5 Poincare lemma Hence Icf Fal o
on at so write f a felt É en t t t to Then let f f f t É Cntfat E onan

on ur
on u

well defined on dip globally and solves If A

Remarks in fact Pic eph Ock V f not
in particular Oct has now section s with s Ho for a hyperplane Ho zealpn to 05 dip

Identify Hecate 711 72 then clock k via this isomorphism

EX3,99 compute pic for E la Pic E 72toE CE as additivegroup
In general it's not true that a topologically trivial line bundle is also a holomorphically trivial
line bundle even in dime c

Definition consider a nonsingular smooth analytic hypersurface y ex The normalbundle Nyx Tifft the
quotient bundle Thefibre of this bundle is t X t 54 Upey

The conormal bundle NYx is the dual of Ny x Thefibre at pet is a eTpox al y o

The conormal bundle is then a subbundle of Ttx y exercise to showthis

Consider fo local defining functions on ha Cx consider dfalynua o since t vanishes but dfa p doesnot
vanish to in Tpx ape in ua since nonsingular Y Hence dfa defines a local neverzerohow section

of Nyt

Recall can think of y as a divisor whichgives rise to a linebundle with transitionfunctions Yap Is
of y
The transition functions for Nyit are Far Ypa 4am To seethis
as dfa dewanfpl d yap fr t NopdCfpl fp vanishes on Ynuanur so

Wapafp

Thus spdfp sadfa iff sa hap sp and Y y 0Nyt is holomorphically trivial



Recall have proved Adjunction formula I Nyx EY y CY y

If fais a local defining functionof 4 on us then fo extends to local complex coordinates wog on Ua
fa Ga Gn using 4 is a nonsingular hypersurface These 52 Gn make sense as localcoords onY

Any holo local section of Kx on ua is hafanwy a where wya is an in it form i.e alocal section of

Ky pulledback onto x via the projection f 51 5

on uanup we have 5 Fpa 5 and fp Gpa fa s fa with Gpa o 5 Ypa 5
a transition function ofthenolo line bundle associated with Y as adivisor
we find

Kx ly Nta Ky

This is the Adjunction formula II Ky I Kx Y y

we can use this to determine Ky for hypersurface in dip more generally many projective manifolds

The canonical bundle of dip

coords Cto tn with moods no to 0 Cath complex local coords wi Io in in
can write a men section of Kern over

yo
w 11 a ndwn

Define 71 75 01 C dip Corresponds to vanishing of w inour complex coords Then clearly over every such i i
hyperplane our men section will have a pole of order 1 Hence ordn w l for jet n

Again Uj tito can write local coords wk It k j Then the relation between localcoords is

w l
w two

Then
i Ifi doo with i j ito and É 9 substituting intoformula forw

we C1 JETa j adf.tn

Thus there are ntl simple poles one along each hyperplane 71 for i o in But since weknow É is a mere
function on dip associated divisor is principal i.e a unit in Divlaiphl then any hyperplanes Hi are linearly
equivalent Hi Hj in Divelph t i j Hence we can think of this as one pole of order net Therefore

Kappa Cw C intDH OC n i

Similar question in example sheet using 96 in Exa as Of1 L 7103 mero section is locally givenby S no 1
slug Io so simplepole



Blow Up
informalden

Consider a polydisc o can about o write the blow up of D as

I aWI E Ax dip z w tiwi tis

claim J is acomplexmanifold

This condition zing tiwi says that z lies on the line definedby the point w of an't É itI m
I t.nl E A xUj n I hjCwl z

straightforward check that these are well definedon overlaps

Definition o E o a wins t is calledthe blow up of dat o

Observe I lo o is mapped binolomorphically onto 01903 and o o I dip easy check
Informally I means lines through o in o are made distinct

Remark
The blowup is trivial in dime net

Let 0 an Then the second projection is a map In dip realizes of it The charts of In
correspond to local trivialisations of of1

can generalize to a manifolds say x consider x ex Uc x a coord polyaisc with chart 4 u I can
with x e u and yer o

Put I x19ns Uptoo I identifying 810 o 415ns we obtain a holomap it I X called the
blow up of X at n

We call It n E the exceptional divisor It is Dinoto to dip and makes sense as a hypersurface in I
so E E DiveX

Proposition E e 611

pf in local coordinates near E we have Encaxuj tin 7 0 The transition functions are

YijltWl É it

which are exactly the transition functions of 0ft



Lemma X is independent of the coordinatechart 4

pf consider z fi t a previous coordst new complex coordinates an X we also need to introduce

new w coords Thinking about it the role of the w's are lines through the origininthe polydisc which we

can just identify as the tangent space at the origin of the polydisc Hence w are coordinates of a tangent
vector

w É o w

Then we have a commutative diagram

FI I
o o

I f I

claim FC2ws Z w as defined above is biholomorphic

special case
suppose f is linear given by Aj E Gl n d Then ti w EAtiz I Ailwe AlAften

z wi
Thus I binolo and diagram commutes

Now wog assume o S's complex Jacobian is identity Then wi't w Kj In local coordinates
5 Cas defined before have

wi j wn fila z t higherorder terms

using f is complexanalytic

Thus dflp identity of tangent space t p e 5 By inverse mapping thm complex variables F binolo in some
nhoodof p ape 5 F binolo

Proposition let o I x be the blowup of x at a point xex Then Ky o Kx ox n 1 E where

n dimx

proof Assume Kx admits nontrivial men sections so let w be a mero nontrivial no form onx

zerosand poles of pullback ofw away from E zeros and poles on I are binolomophically related to those

of w with the same orders
Near x ex we have in local coords we fat a adan f holo mero section i e If o In local
coords on Uj

oh u um z is lav ti stun
jthposition

equivalent to First local coordway we wroteit butnot exactly the same



Aw foo d avi adczuela a den n dit un i
jthpos

foolan du n adan ndun i by product rule and antisymmetry

Have an extra zero of order ni along Enuj t o patching along all j's this gives us the
proposition

Definition t complex manifolds X define calx c kx the first chern class of X

Corollary C X o calx n 1 PD CE

Remark for topologists when dimex z then deg E e I Sec EE E E the
self intersection number

Blow up as a connected sum

let M and Ma be smooth real manifolds with dimm dimma m choose a point p EMi poems and
take charts Yi Ui CMi IRM near pi wog im ui Bo xerm 1111 3

Define a map by sine z hall z cBo Inc e t all 2 Bo a diffeo of a spherical shell

Then

The connected sum of M and me at p pe is

M Ma Mil 4 mallsYet U Male hall half

gillson

two manifolds connectedby a tubular region diffeo to Sm x I

This is independent of the charts 4 42 If we assume that m andme are both oriented and 9

preserves the orientation ez reverses orientation then since 5 is an orientation reversing diffeo easy toseel

then M Ma is oriented with appropriate choices of oriented atlases for M and Ma

Proposition let X be a complex manifold of dimension n Then the blowup X of X at x ex is diffeo
as a smooth real manifold X ath at x and any pointin Epn where I is the underlying
real manifold for diph but with orientation reversed from that of the complex structure

if n odd conjugate each coord reverses onentation so your Eph is actually what youthink it is
But it n even conjugate even oftimes gets you back to same orientation so not the rightidea

By att wejust mean orientation reversed but if nodd then its conjugate



proof wog assume X o can apolydisc with sufficiently large radius and oex the blow up point can

just work in a neighbourhood wi sufficient radius To show D is orientation preserving diffeomorphic to

aptI Ccoordball the ball that we're going toblow up

In local coords I tin e ox alp ti w z wi ti

Ep Eo z I to Ed Ze en 1701 t 11211 to

Using a coord chart 4 U 1 27 a 1 t t t is a now orientation reversingcharton ath

consider an teal to Z 11711 t1701 The gluing map for the connected sum

Y Io z e Ep Ik ft FIFE Ict it Antos dip projectionmap
faint

e o cuzlice c E

where o I a blow up map



3 Hermitian and Kahler Geometry

Definition a Hermitian metric on acomplex manifold X is a positive definite Hermitian inner product h onthe
fibres of the holomorphic tangentbundle i.e

hip T x T I with smooth dependence on pox

i e t smooth sections A B of ox we have heaB ecocxt.iecomplex

In local coords h I hi a dei de

convene

with smooth coefficient n z

I
jisanotational

If A A fi BI FBj37 then heaB I hit A Bj

Proposition There is a natural equivalence between

Hermitian metrics on X and
J invariant Riemannian metrics g on the underlying real manifold of X i e

g JA JB glaBl where J E TCEndTX is the almost complex structure

Proof Recall e e Tax s e ite e T x is a linear isomorphism of real vector spaces Precisely
rise islet This implies that given h asabove can construct a Riemannian metric

genius Ire h a isu v isu

since hlia IB htaB then g Ju Ju glair

For the converse given g a J invariant Riemannian metric we can extend g to a Hermitian h on

Tx Oira givenby ht u ur dig lair t hire Tx a me a Then restrict to the subspaces
T x c tax one which inverts the first construction

In coordinates It É i y g Ig Er 9 Ey Iya 2Re h 27 k
invariance

Therefore we can use the concepts of Riemannian Geometry for Hermitian manifolds a complex manifold

equipped with a Hermitian metric Xin via the J invariant Riemannian metric the ke ofh

Proposition Definition Define we air t Im h a ish v i v Then w is a real lil form called
the fundamental form of h furthermore

wcu.rs g Ju v

In fact any two of w g and I determine the remainingone

proof w er w is J invariant we su su w curl tother form types have different terms from this

In It the Ju Tv in Lhs are converted to multiplication by i in Ras since his Hermitian it's i
invariant and so the expression follows



For the expression wcu.us getair

consider I Imhlu i u u itu Eren ita isu v isu Eren satin r isu gesuv
firtitact

Last part exercise easy

I
g 2,5 rehi axidx t dy dy Im hit axidy dxidyi

as g i Ey 2Reh Ei z are in Ei if

21mn Fi

W E

g Fyi Ex

Lemma In complex local coords w i f hi dt n di invariant under
complex
conjugation realform

proof i dai nd't it dei tidy a ax idy

if daindie t dy nay t axindy tax nay

Then w Fi y g Ei Fy arehis

W i j g Fyi É 2 Imhip w y
t
denote Fi ki Fyi Ey

Thus if ibij dz adej I hit i dain di t I 2Re hi id ti nai

I 2Re hi da indy E 2 Im hi dxinax t dyindy

i E hi dai adi

From our work it follows that for any at 7110 x we have wi a also for ato call any real
ii 1 form o s t i aid so t a e t 01905 a positive lil form which wedenote by o o

Further the 1st Chern class of a complex line bundle c say all so iff c L is representedby a
closed positive lil form

Eg if X has c x o then X is called a Fano manifold if calx o repby exact form then
x is called a Calabi Yau manifold E.g dip is a Fano manifold
Eg complex tonsis a calabi yau manifold



Any positive lil form is equivalent to a Hermitian metric on x
derivott isan injectiveunearmapatan point

If fX x is a holomorphic immersion y is an immersed complex submanifold Then fig is a well defined
Riemannian metric I e df Ty T c X injective t yey

and g is J invariant so dfo Tx Ty odf converts al comp of y to one of x Therefore a

Hermitian metric is induced on any immersed complex submanifold of x

If Xin is a Hermitianmetric Yax a submanifold then Y inherits a Hermitian metric by pulling back
via the immersion

Locally y is given by the vanishing of n k coords tact th o dimy k and dimx n
Then the immersion f X x is flat tk ti tic o so Therefore

lemma the fundamental form of fth is ftw ifi bij dainde sum onlyuptoKl

Can equivalently give a Hermitian manifold as X W using the fundamental form remember twoof

g 3 w determine the third

Definition a Hermitian manifold X w with aw o is called a Kahler manifold Then w is called a
Kahler form on x and h is a Kahler metric

Examples

o Oh he Edt 0dE the standard Hermitian metric realpartis Euclidean metric

w I Edt hat I die ady where z n tiy

whichis the standard symplectic form on IR

1 at the metric in O descends to any complex torus AIA 11 72 a discrete lattice in an

b on a Riemann surface any non vanishing 2 form compatible with orientation of the complex structure

By dim reasons it must be a lil form and closed Its also positive 0 by compatibility
Hence every Riemann surface is Kahler with any Hermitian metric

2 T1 ont Sos dip Ezo i an coordinates consider it an affine hyperplane

v te ont t i an affine hyperplane

Then set IT Vj b cap as usual

binolo

Then let w It 25109117112 E n v
9

standard Euclidean normon v

This defines a real lil form on Uj since it v u is a binolomorphism



Change of local coordinates te v ft evie f I is a hownonvanishing function on IT Citevilnitevial

on the intersection

I 25log if all It 25 loglittle log ft w t ItfT
ft 11112

Now consider

25log ft s Eff w

But 2 If 5111
Thus w is a well defined form on diph

Also t T E UCntl T induces a map T dip dip called a projective transformation and
w w

lemmaDefinition w o Thus w is the fundamental form of a Kanter metric on alph called the
Fubini study metric

proof Byour above retail it suffices tocheck the positivity at one point

Then w no It log112112 It 25log I E t Ia
ten coordis

22

Ejaz azz at
219115 newest

we canjust check positivity at eg C1 o o o i e z 72 o Plugging in

It Edt n di

which is just example o which is positive Then by symmetry its positive everywhere

3 Given a positive lil form representing ci X for a Fanomanifold X we can make it into a
Kahler manifold In particular dip is Fano sheet 4

4 Proposition Every complex submanifold of a Kanter manifold is Kahler by pulling back Kahlerform

corollary every projective manifold is Kahler



Detour to Riemannian Geometry

If Mig is an oriented Riemannian manifold dimarm n Then the M can use Gram schmidt to
construct a local orthonormal coframe field wi un Taking the wedge gives the volume form
Then duong w n nun positively oriented so drug compatible w orientation

is independent of choice of wi's and is well defined avolger m
This is called the volume form of Mig

Now let Xin be a Hermitian manifold h I hi dtiadt Let g be the corresponding Riemannian
metric i e

g zren 2 I Reni re azide Imhij Im azide

WC 9 J the fundamental form

Near each nex we can find adapted local orthonormal coframe field wi er un en for tax
wit g where ex sure and wie see Kk Then witier un tien is an orthonormal

coframe field wit h for Ttx

h I Elwk tier a wie ien g I wkowict Eko Ek

N.B JC wat ien e k t ink i c wat ien Thus wet ice is a no form

Hence we E wk en en wie I wiener antisymmetric

In particular when wine nwaneen nunnen Thus we have shown

proposition duolg It is the volume form of a Hermitian manifold x w

Consider a complex submanifold Yax dint d Then why is the fundamental form of the induced
Hermitian metric on Y

Then Id is the volume form of the corresponding Riemannian metric on Y obtain following corollary

Wirtinger Theorem for each compact complex submanifold y of a Hermitian manifold x w

volcy at f wd

suppose that x is compact and Kahler i e dw o Cw EHai x Then

S wh n vol X 0 topologically Cw ex to

dot xSo CW 0 by Stoke's theorem cannot be exact and for the same reason Cw to visit in

d



If Y is a compact complex submanifold i.e Y is a closed submanifold then Y C Hzalx.IR and

I wd d Volcy to

Therefore Y to in Hzdlx.IR by application of Stokes Theorem consequently taking x dip we find that
for y ex a projective manifold then Cy to

Hodge Theory

Let M be an oriented Riemannian manifold diminM m with Riemannian metric g

Then the inner product on TIM defined by themetric can beextended to to the rth exterior power
n't m ne m so that

wi n wir I as i s air em

is an orthonormal basis wi are a local orthonormal coframe field around u

In particular drolg win awm has norm 1

Definition the Hodge n item nmTIM is a linear map satisfying

an p a pig dung tape n'Tim

Hodge is uniquely determined by wi n awir wi n najm r suchthat

in sir ji im r i m

in ir ji im rIn particular
m

is an evenpermutation

a grimri

note drag to 1 in drug

Remark can extend smoothly to rr m rm m

Now let Xin be a Hermitian complex manifold dime in andg the corresponding Riemannian metric

invariantunder the almost complex structure J Real dimension m 2n and so

rr x man ra

we have as before we er when an adapted local coframe field adapted Twice er Jen wie tk

Then we saw Chol forms are spannedby L wie tier ka in and coil by wie ist k i in



h is the Hermitian extension of g so

wk tick a weptickp n we ice a n weg ieee Hermitiannorm

2149

eachterm has norms and there are p q factors

We have the induced Hermitian inner product on A pig still denotedby n We can extend
e linearly

NPT x n PT E

lemma complex differential r forms α β we have

an 5 α β ndvolg

pf start with a β real andthen multiply by complex constants

If α β are real r forms at ex a me e then

α mp n avolg añ α β drolg air an β aan ñβ
Hodge is realoperator
socommutes withcomplexmult

Lemma now follows by linearity of Hermitian prod wedge and

Corollary sep9 x mna n P x

corollary np.gg 1
9

Definition at d r x n x

The Hodge laplacian is Δ ddt dtd 14 1 Rr X
Both atand Δ extend to n x a

Δ is alsoknown as Hodge Laplacian Laplace Beltrami operator

If In with euclidean metric then for 0 forms Δ 4 FI É 2 2

Definition 2 2 5 a

Thus at Rna x re t a

a sea no a x

And at spia x 2 2

Then 2 12 0 and 212 0 and 22 5 2 d 2 0



Definition the 12 innerproduct 5 7 n 1 65.47 drug assume Ritsfinite

f 51 4

makes s x n 9 into a prehilbert space missing that they
ᵗ
not it a completespacein 12 norm

observe n x x orthogonal direct sum wit norm at a point in andalso inthe 12norm

Proposition 2 I are formal adjoints of 2 I wrt the L2 innerproduct

i e Sx 2x β duolg α atp duolg

Sx 2 a β drug f x Xp drug

compactly supported α e n x resp RP x and β e r x

Proof Do second of relations we use stokes theorem

Sx siamang fame 5 151 mail

so I can f d antis

bystones C 1 S an 2 f S an 27

f a n a p check the sign fromtype

Sx α 2 β drolg

The other identity is similar

Corollary

1 Sx da p dvolg Sx α dtp drug

2 Sx d x p drug S Laila B duolg exercise noting lay it 5 at d

Definition Δ 22 2 2 Δ5 55 5 5

Then 02 Δ Rna x sea x

and by the above Δ Δ and Oz are formally self adjoint

NB Δ in general does not act on cp.gl forms



Definition an r form α is d harmonic denoted α Hix if Δx o

A pig form is 2 harmonic α H x if Δ α o

A pig form is a harmonic α e ye acx if Δ a o

Proposition Suppose a Hermitian n manifold is necessarily compact Then

Δzα o iff 22 0 and 2 α 0

Δax O iff 2x o and 24 0

Δ α o iff da O and d's O

Proposition 0 5 4 α α drol 52,22 a α 2 27
prop

Basic analysis says 50,50 2 o

Δ2 and Δ are similar

Hodge Theorem

Let x h be a compact Hermitian manifold Then r fl x pig fly X are finite dimensional
and then 12 orthogonal directsum decompositions

n x ffʳ x drr x d n x

x fff x 5hr a x It np.at x

assume this without proof requires analysis of PDEs

Δ α Δx ̅ hence suffices to look at just 02

Applications

Proposition 1 Assume is compact and Hermitian
1 E H x α CHdr X is an IR linear isomorphism ofvectorspaces

12 if α HE a HP x is a e linear isomorphism ofvectorspaces

Exercise or see onlinenotes on PT II diffgeo

Define h 9 x dime H x dime If x the Hodge numbersof

In particular if q o then h x dim holo p forms on

n dimex then hn x dim holo sections of canonical bundle Kx Pg x is the geometric genus of

gtfo geometric not

2 α ff x α fff x Tx x ̅ E H É a linear isomorphism


